The gravitational modes of the Kerr geometry include both quasinormal modes and totaltransmission modes. Sequences of these modes are parameterized by the angular momentum of the black hole. The quasinormal and total-transmission modes are usually distinct, having mode frequencies that are different at any given value of the angular momentum. But a discrete and countably infinite subset of the left-total-transmission modes are simultaneously quasinormal modes. Most of these special modes exist along previously unknown branches of the gravitational total-transmission modes. In this paper, we give detailed plots of the total-transmission modes for harmonic indices = [2, 7] , with special emphasis given to the m = 0 modes which all contain previously unknown branches. All of these unknown branches have purely imaginary mode frequencies. We find that as we approach the Schwarzschild limit along these new branches, the mode frequencies approach −i∞ in stark contrast to the finite mode frequency obtained in the Schwarzschild limit along the previously known branches. We explain when and why, at certain frequencies, the lefttotal-transmission modes are simultaneously quasinormal modes. At these same frequencies, the right-total-transmission modes are missing. We also derive analytic expressions for the asymptotic behavior of the total-transmission mode frequencies, and for the values of the angular momentum at which the modes are simultaneously quasinormal modes.
I. INTRODUCTION
The Kerr geometry [1] is one of the most astrophysically important solutions of Einstein's equations. It represents an isolated black hole with angular momentum, and the linear perturbations of the Kerr geometry are used to understand the late-time behavior of astrophysical events, such as the merger of compact objects, that results in a black hole. In particular, the quasinormal modes (QNMs) of the Kerr spacetime are used to model the ring-down portion of a gravitational waveform, for example from a binary-black-hole merger [2] [3] [4] [5] .
The gravitational modes of the Kerr geometry include not only the QNMs, but also the total transmission modes (TTMs). The QNMs are defined by their allowing no disturbances to enter the system from either infinity or from the black-hole boundary. There are two types of TTMs, each changing one of the conditions used in defining QNMs. Left TTMs (TTM L s) switch the boundary condition at the black-hole boundary. Essentially, TTM L s represent disturbances that can move from the vicinity of the black hole toward spatial infinity without reflections that would propagate into the black hole. Right TTMs (TTM R s) switch the boundary condition at spatial infinity. Essentially, TTM R s represent disturbances that can move from spatial infinity toward the black hole without reflections that would propagate back toward spatial infinity. Switching both boundary conditions would represent a bound state which does not exist * cookgb@wfu.edu † annils14@wfu.edu ‡ vickdj14@wfu.edu for perturbations of the Kerr geometry. In this paper, we will be primarily interested in the gravitational TTMs of the Kerr geometry. The TTMs were first explored, in the context of algebraically special modes, by Wald [6] and in more detail by Chandrasekhar [7] . In the Schwarzschild limit, the TTMs and their complex frequencies ω can be determined analytically. In general, the mode frequencies, ω, are functions of the angular momentum of the black hole, and must be determined numerically. The modes and their frequencies are conveniently parameterized by the dimensionless angular momentumā = a/M , where M is the mass of the black hole, and J = aM is the angular momentum. In the Schwarzschild limit,ā = 0, the TTM frequencies ω(ā) become M ω(0) ≡Ω ≡ − i 12 ( − 1) ( + 1)( + 2),
which are purely imaginary. In general the mode frequencies ω(ā) are complex and the TTM L s and TTM R s share the same set of mode frequencies, although the modes themselves differ. The first numerical results for the mode frequencies of the TTMs were included in Chandrasekhar's derivation of these algebraically special perturbations [7] . There, a few values were given for each of the five modes for = 2. More detailed plots for the = 2 modes were shown by Onozawa [8] . More recently, one of us reported the mode frequencies for both = 2 and = 3 [9] . Interestingly, numerical investigations [8, 10] showed that in the Schwarzschild limit, certain QNM frequencies also approached the same set of purely imaginary mode frequencies Ω . There was considerable confusion about the nature of the modes with these frequencies, but this confusion was set to rest by Massen van den Brink [11] . He showed that the TTM L associated with a givenΩ was actually, simultaneously a QNM. At the same time, the corresponding solution thought to be a TTM R was neither a TTM nor a QNM. These conclusions are based on a careful examination of the behavior of the modes at the black-hole horizon (see Refs. [11] or [12] for more detail.)
Recent high-precision explorations of the gravitational QNMs of the Kerr geometry found a large number of additional cases where sequences of QNM frequencies ω(ā) approached the negative imaginary axis (NIA) for values ofā = 0 [12] . The nature of the modes associated with these new, purely imaginary mode frequencies was explored [12, 13] using the theory of Heun polynomials [14] , expanding on the previous work by Massen van den Brink [11] .
In certain cases, the sequence of QNMs could have frequencies approach the NIA, but could not exist with ω(ā) precisely on the NIA. In other cases, all with m = 0, the sequence of QNMs could extend to have ω(ā) on the NIA. In this case, two possible behaviors were seen. Either the mode was simply a QNM, or it was simultaneously a QNM and a TTM L . This latter case is an extension of the behavior seen in the Schwarzschild limit (ie. the modes with frequenciesΩ .)
Let us reconsider this with emphasis on the behavior of the TTMs. For generic values ofā, the TTM L s and TTM R s share the same set of mode frequencies. In the Schwarzschild limit,ā = 0, the various m modes are degenerate. Also, the TTM L s are simultaneously QNMs while the solutions that should be TTM R s are missing. It was seen in Ref. [12] that for certain values ofā > 0 for = 2-4 and m = 0, certain QNMs on the NIA were also simultaneously TTM L s. At these same values ofā, the corresponding TTM R s did not exist. This behavior occurred at certain points along m = 0 TTM sequences within the range 0 ≤ā <ā crit (whereā crit is a function of ), and within this range ω(ā) is purely imaginary. For a crit <ā ≤ 1, the m = 0 TTM sequences of mode frequencies move off of the NIA, obtaining general complex values. However, we found [12] that for each = 2-4 and m = 0, there are a seemingly countably infinite number of QNMs withā <ā crit that are also simultaneously TTM L s (and at which the TTM R s do not exist), but which do not correspond to know segments of the TTM sequences. This indicated that a previously unknown branch exists for each of the m = 0 TTM sequences. In this paper, we verify this conjecture by explicitly computing these sequences for = 2-7.
Interestingly, the mode frequencies of this new branch of the m = 0 TTMs approach −i∞ asā → 0. We find that it is possible to construct an analytic expression for the asymptotic behavior of these branches. Doing so required that we find an analytic expression for the separation constant s A m (c) of the spin-weighted spheroidal harmonics in the asymptotic prolate case (large purely imaginary c) for m = 0. To our knowledge this has been known only to leading order for s = ±2. This paper proceeds as follows. In Sec. II, we will briefly review the methods used to construct TTMs of the Kerr geometry. In Sec. III, we will examine numerical results for the TTMs. In Sec. IV, we will find an asymptotic expansion for both the mode frequencies, ω(ā) of the TTMs and for the separation constant s A m (c) of the spin-weighted spheroidal harmonics. Finally, in Sec. V, we will review the prior results from Ref. [12] that describe where along the TTM sequences the modes change their behavior, and end with some final discussion.
II. METHODS
Modes of the Kerr geometry can be obtained by solving the Teukolsky master equation with appropriate boundary conditions. Our approach for obtaining the QNMs of the Kerr geometry is outlined in detail in Refs. [9] and [12] . Our methods for obtaining the TTMs are essentially the same, but with a few necessary differences.
In vacuum, the Teukolsky master equation separates using
The radial function R(r) then satisfies the radial Teukolsky equation
and Boyer-Lindquist coordinates are used. s A m (aω) is the angular separation constant associated with the angular Teukolsky equation governing S(θ). With x = cos θ, the function S(θ) = s S m (x; aω) is the spinweighted spheroidal function satisfying
where c (= aω) is the oblateness parameter and m the azimuthal separation constant. Finally, is the harmonic mode index which labels the elements in the set of eigensolutions of the angular equation for fixed values of s, m, and c.
Both Eqs. (3a) and (4) are examples of the general class of confluent Heun equations. We have found it particularly useful to work with the radial equation, Eq. (3a), within the context of confluent Heun theory [14] . Following Borissov and Fiziev [15] , the radial equation can be written in the nonsymmetrical canonical form of the confluent Heun equation in 8 different ways, depending on the choice of three parameters. Following Ref. [9] , we denote these three parameters asζ, ξ, and η. Each parameter has two possible choices:
These three parameters are associated with the regular behavior of solution of the confluent Huen equation at the three singular points. See Ref. [9] for details. Regular singular points occur at the Cauchy and event horizons, with the choice of ξ fixing the behavior at the event horizon, and η fixing the behavior at the Cauchy horizon.
The singular point at infinity is irregular, and is fixed by the choice ofζ. See Sec. II.C of Ref. [9] for details. There are two local Frobenius solutions at each singular point, but more interesting are the solutions known as confluent Heun functions and confluent Heun polynomials. Confluent Heun functions are solutions that are simultaneously Frobenius solutions at two adjacent singular points. For our purposes, they arise when we fix boundary conditions at two singular points and find values of some parameter that allows both boundary conditions to be satisfied. In general, confluent Heun functions are infinite-series solutions. Confluent Heun polynomials are an important subset of the confluent Heun functions where the solutions are simultaneously Frobenius solutions of all three singular points. In this case, the infinite-series solutions truncate to yield a polynomial solution.
By making an additional coordinate transformation and an appropriate redefinition of the solution function (see Sec. II.C.1 of Ref. [9] for details), the resulting equation takes a form where the only solution that is finite at both singular points is the solution that satisfies the desired boundary conditions. In this form, the desired confluent Heun functions can be found using Leaver's continued-fraction approach [10] . As outlined in Sec. IV.B of Ref. [12] , the choicesζ =ζ + and ξ = ξ -(see Eqns. (19a) and (19b) in [12] ) together with a specific redefinition of the solution function allows the continuedfraction method to find confluent Heun functions which are QNMs. The entire procedure is extensible to finding TTMs by simply changing the choice of ξ to ξ + , in which case the confluent Heun functions are TTM L s. To find TTM R s, we instead change the choice ofζ toζ − .
In more detail, the continued-fraction solution of Eq. (30) in Ref. [9] is unchanged except for how the choices for the ξ andζ parameters affect the evaluation of the coefficients in Eqs. (31a-e) and (38a-c) of [9] . The only changes in the discussion of the existence of minimal solutions of the continued fraction found in Ref. [12] come from the fact that for TTM R s, the branch cut of u 1 (ω) (see discussion below Eq. (25b)) is along the positive imaginary axis, which means that Re(u 1 (ω)) = 0 on the NIA. This means that the continued fraction can be used to determine the TTM R frequencies on the NIA, in contrast with the QNM and TTM L cases.
In addition to the confluent Heun function mode solutions of the Teukolsky radial equation, there also exist confluent Heun polynomial mode solutions. For TTMs, the derivation of the polynomial modes can be found in Sec. III.B of Ref. [9] . There, we find that the condition for the existence of confluent Heun polynomial solutions is equivalent to the vanishing of the magnitude squared of the Starobinsky constant [6, 7] . We write the magnitude squared of the Starobinsky constant as
whereω ≡ M ω is the dimensionless mode frequency. For TTM L s, take s = −2 and
For TTM R s, take s = +2 and
However, because −s A m (āω) = s A m (āω) + 2s, it follows that λ + = λ -and we find that the TTM L and TTM R algebraically special modes will share the same frequency spectrum. Forā > 0, numerical values for the TTM mode frequenciesω are obtained by finding roots of Eq. (6) where values for s A m (āω) are obtained by solving the angular Teukolsky equation, Eq. (4), using the spectral solver described in Sec. II.D.1 of Ref. [9] . For QNMs, the derivation of the polynomial modes can be found in Sec. IV.C of Ref. [12] . Confluent Heun polynomial QNM solutions can exist in two classes distinguished by the choice of the η parameter. For both classes, there is a necessary, but not sufficient condition placed on the value ofω in order for a polynomial QNM solution to exist. A corresponding constraint on the TTM frequencies does not exist. The constraints on the values ofω for polynomial QNM solutions can be written asω
where N + ≥ s+1 and N -≥ 1 take on integer values. The necessary and sufficient condition for a polynomial QNM solution to exist is referred to as the ∆ q+1 = 0 condition, and is described in detail in Sec. IV.C.1 of Ref. [12] . The vanishing of the magnitude squared of the Starobinsky constant is a special case of the ∆ q+1 = 0 condition.
As discussed in Sec. IV.D of Ref. [12] , for potential QNM polynomial modes, we must pay particular attention to the behavior of the solution at the event horizon. The constraint thatω =ω + is precisely the condition that the roots of the indicial equation differ by an integer for local Frobenius solutions at the event horizon. Summarizing the results of Ref. [12] , all of the potential polynomial QNM modes found have m = 0. The majority of potential QNM modes satisfyingω =ω + are miraculous. That is, such a mode is neither QNM nor TTM L 1 . However, a subset of potential QNM modes are anomalous. That is, such a mode is simultaneously a QNM and a TTM L . In fact, these anomalous QNM solutions also satisfy the condition |Q| 2 = 0 for polynomial TTM L s. Finally, while not of direct interest to the remainder of this paper, all of the potential QNM modes satisfyingω =ω -have proven to be generic. That is, the roots of the indicial equation do not differ by an integer, and the solutions are simply QNMs.
III. NUMERICAL RESULTS.
The first numerical results for the mode frequencies of the TTMs were included in Chandrasekhar's derivation of these algebraically special perturbations [7] . There, a few values were given for each of the five modes for = 2. More detailed plots for the = 2 modes were shown by Onozawa [8] . More recently, we reported the mode frequencies for both = 2 and = 3 [9] . Figure 1 shows the various = 2 TTM mode frequency sequences. All start at the Schwarzschild limit at the pointω = −2i. The m = 1 and m = 2 sequences extent rightward from this point. The m = 0 sequence first extends up the NIA. This portion of the sequence is labeled m = 0 0 in the figure, and covers the range 0 ≤ā < ∼ 0.494445955. For 0.494445955 < ∼ā ≤ 1, the m = 0 sequence abruptly turns off of the NIA and extends rightward. This segment of the sequence is labeled m = 0 1 in the figure. The segment of the sequence labeled m = 0 2 is the previously unknown segment of the sequence first noticed in Ref. [12] . It also covers the range 0 ≤ā < ∼ 0.494445955 covered by the m = 0 0 segment, but limā →0ω = −i∞.
The behavior of the = 2, m = 0 sequence can be more fully understood by plotting the real and imaginary parts ofω separately as functions ofā. Figure 2 shows the 3 different m = 0 segments as functions ofā. Note that for the Im(ω), the m = 0 0 segment continues smoothly into the m = 0 2 segment at the critical value ofā (where dω/dā = ∞), while the m = 0 1 segment emerges discontinuously from this point.
The behavior for > 2 is similar. Figures 3-7 show sequences of the complex frequencyω for all TTMs for 1 It cannot be TTM R because of the boundary condition at infinity. From fundamental symmetries of the radial and angular Teukolsky equations, it is well known that mode frequencies come in pairs related by
For QNMs, there are two complete sets of modes. That is, for given , there are 2 + 1 mode frequencies with Re(ω) > 0, and a complementary set with Re(ω) < 0 that are related by Eq. (11). As made clear by Berti et al [16] , the existence of a second set of modes satisfying the symmetry of Eq. (11) TTMs cannot be found in the form of confluent-Heun functions (general infinite-series solutions). Perhaps the confluent-Heun polynomials do not represent all of the TTM solutions. Unfortunately, this does not seem to be the case. An extensive search for confluent-Heun function solutions for both the TTM L s and the TTM R s found no evidence for any such solutions. 
IV. ASYMPTOTIC BEHAVIOR OF THE m = 0 MODES
We will refer to the m = 0 2 branch of a given m = 0 TTM sequence as the asymptotic branch because we find that limā →0ω (ā) = −i∞ and because it involves the asymptotic behavior of the separation constant s A m (āω). As mentioned above, to our knowledge, this asymptotic branch had gone unnoticed prior to the work of Ref. [12] . Interestingly, a somewhat similar behavior has recently been noticed in the mode spectrum of rotating black strings [17] . Figure 8 presents a log-log plot of Im (ω(ā)) clearly showing the asymptotic behavior of the m = 0 0 branches. The asymptotic branches have power-law behavior and appear to be independent of at leading order.
Simple fitting of the slope shows that the leading order asymptotic behavior isω ∝ a −4/3 . We could also fit for the proportionality constant, but we can do better by making use of the magnitude squared of the Starobinsky constant |Q| 2 as given in Eq. (6). However, to proceed along this path, we also need to know the asymptotic behavior of the separation constant s A m (āω). For mode frequencies on the NIA, the oblateness parameter c = aω =āω of the angular Teukolsky equation, Eq. (4), is purely imaginary. In a more general context, the angular Teukolsky equation is the equation for the spin-weighted spheroidal function defining the x = cos θ angular dependence of the spin-weighted spheroidal harmonics (SWSHs). For spin-weight s = 0, the SWSHs are the spheroidal harmonics where real values for the oblateness parameter c correspond to an oblate spheroidal geometry, while imaginary values of c correspond to prolate spheroidal geometry. This terminology extends to the SWSHs. While general solutions for SWSHs and their associated eigenvalues s A m (c) must be determined numerically, quite a bit is known about them in certain limits [18] . Unfortunately, for the asymptotic prolate case relevant to us, relatively little is know. For general values of , m, and s, the asymptotic value of s A m (c) is know only to leading order in c, and takes the form [18] s A m (c) = (2L + 1)|c| + O(|c| 0 ),
where
Fortunately, the known leading order asymptotic behavior of the separation constant in the prolate case is sufficient to allow us to determine the asymptotic behavior of theω. If we takeω → −iC 1 a −4/3 and (6), and make a power series expansion in powers of a, we find that the vanishing of |Q| 2 yields
We emphasize that this expression is obtained for both s = ±2. The vanishing of the leading-order coefficient yields C 1 = 12 1/3 , independent of as expected from Vanishing of the coefficient of the second term depends on higher order behavior ofω. For this term to contribute at O(ā −7/3 ) in |Q| 2 , the next term in the expansion ofω must be O(ā −1 ). If we repeat the procedure above with ω → −i(C 1ā −4/3 + C 2ā −1 ), we find that the vanishing of |Q| 2 yields
Again, this expression is obtained for both s = ±2. The second term allows us to determine
Thus, by using |Q| 2 = 0, knowing only the leading order term in the asymptotic expansion for s A m (c), and assuming the leading order asymptotic falloff isā −4/3 , we can determine the first two terms of the asymptotic expansion forω to bē
and we have chosen to write this expression in terms of , instead of L, because it is only valid for m = 0 and s = ±2.
To extend this expansion forω further by this method requires that we know the asymptotic form for s A m (c) to higher order. While this is not known analytically, we can fit our TTM sequences to determine the unknown terms. We will use general expansions of the following formsω
The need for the ± notation on C ±3 and A ±1 will be explained in detail below. The coefficients C 1 and C 2 have already been fixed by the vanishing of the first two terms in the power series expansion of |Q| 2 = 0. The third term, after replacing C 1 and C 2 yields, for s = 2
and for s = −2
So, the C ±3 coefficients can be determined once the A ±1 coefficients are known. We can find the A ±1 coefficient numerically in 2 independent ways. First, we can fit our numerical data for ω(ā) against Eq. (18) . With known values for C 1 and C 2 , and using Eqs. (20) and (21), we can use least-squares fitting to extract numerical values for A ±1 from our data forω(ā) for 2 ≤ ≤ 7. We can then find fitting functions for the extracted values of A ±1 ( ). From the A +1 data (s = 2) we find
From the A −1 data (s = −2) we find
Inserting these into Eqs. (20) and (21), we find the shared result
Even though the TTM R and TTM L modes share the same frequency spectrum, the C ±3 and A ±1 notation is necessary because −s A m (c) = s A m (c) + 2s. This difference manifests itself only in the constant term in the expansion for s A m (c). We can express the s dependence explicitly in A ±1 . Using the additional information from the asymptotic expansion for 0 A m (c) (see Ref. [18] ), we get
Following a similar procedure, we find we have enough numerical precision to accurately extract the A 2 and A 3 coefficients, allowing us to obtain the values for C 4 and C 5 . Our final result for the asymptotic form for the angular separation constant is
We strongly emphasize that, even though this expression is written in a very general way, it is only tested for m = 0 and s = ±2 or s = 0. In particular, the terms involving s 2 could be any even power of s with an appropriate prefactor. Finally, as the main result from this work, we find that the asymptotic expansion of the m = 0 TTM frequencies is
To quantify the accuracy of our expressions forω(ā) and ±2 A 0 (c), we can examine the relative error of these expressions in comparison with our numerical data. Figure 9 shows the relative error in Eq. (27) forω. Specifically, we take the difference between Eq. (27) and the numerical data forω at the same value ofā, and divide this by the value of the numerical data. The absolute value of this quantity is plotted versesā. Clearly, the relative error is quite small in the asymptotic regime wherē a → 0. Since the first unknown term in Eq. (27) goes as a 1/3 and the leading order term goes asā −4/3 , we expect the relative behavior to behave asā 5/3 in the asymptotic regime. This is precisely what is found. Remarkably, Eq. (27) is a very good approximation until reasonably close to the critical value ofā at which the m = 0 0,1,2 branches meet. Prior to this point on the m = 0 2 branch, we see a "zero crossing" in the relative error for each , and up until this point, the relative error is always less than 1.2%. Figure 10 displays a similar plot showing the relative error in Eq. (26) for ±2 A 0 (c). Specifically, we take the difference between Eq. (26) and the numerical data for 2 A 0 (c) at the same value of c =āω, and divide this by the value of the numerical data. The absolute value of this quantity is plotted verses |c|, and we remind the reader that c is purely imaginary. Again, we see that the relative error is quite small in the asymptotic regime where |c| → ∞. Since the first unknown term in Eq. (26) goes as |c| −3 and the leading order term goes as |c|, we expect the relative error to behave as |c| −4 . This is found for all values of except for = 4. In this case the relative error falls off even faster, ≈ |c| −21/5 . This is most likely due to the = 4 sequence approaching a "zero crossing" which we see clearly happening for = 5-7.
V. SUMMARY AND DISCUSSION
The m = 0 0 and 0 2 branches of the various m = 0 TTMs represent very special modes for which the mode frequency is purely imaginary, thus representing modes that are simply decaying with no oscillation. These are the only gravitational modes of the Kerr geometry known to have purely imaginary frequencies, and the m = 0 2 branches were unknown before being noticed in Ref. [12] , where the framework to fully understand the behavior of these modes was worked out.
For the most-part, these modes are TTMs with the TTM L s and the TTM R s sharing the same mode frequencies. However, for each , there are a countablyinfinite number of frequencies where the modes are either "anomalous" or "miraculous" in the language of Ref. [12] . At these special frequencies, the modes that would normally be just TTM L s are also simultaneously QNMs. Furthermore the modes that would normally be just TTM R s are neither TTMs nor QNMs. This non-generic behavior occurs when the roots of the indicial equation differ by an integer for the Frobenius solution local to the event horizon. The condition for this isω
where N + is an integer when s is an integer, and it is a half-odd integer when s is a half-odd integer. Two possible non-generic behaviors can occur. In the simplest case, only one series solution can exist, and it corresponds to the local Frobenius solution with the largest exponent.
The second solution will include a logarithmic term. This is the anomalous case. In certain circumstances, the coefficient multiplying the logarithmic term can vanish. This is the miraculous case. For gravitational modes of Kerr, when s = −2, the m = 0 0 and 0 2 branches are normally TTM L s. But when the mode frequencies satisfy Eq. (28) for some integer value of N + , then the solutions are anomalous. The outgoing mode in this case has exactly the same local behavior as the incoming mode. modes with frequencies satisfying Eq. (28) are simultaneously TTM L s and QNMs. But, for the s = +2 modes which are normally TTM R s, when the mode frequencies satisfy Eq. (28) for some integer value of N + , then the solutions are miraculous. In this case, the behavior local to the event horizon is a linear combination of incoming and outgoing modes, violating the conditions for the modes to be TTM R s.
The locations where these non-generic modes occur is illustrated in Fig. 11 . For clarity, only the m = 0 0 and 0 2 mode sequences for = 2-5 from the numerical data are included. In addition, ω + from Eq. (28) is plotted as a function ofā. Each nearly horizontal dotted-gray line represents a specific value of N + . Again for clarity, only the values of N + = 10, 20, 30, · · · are plotted. Nongeneric modes occur whenever the dotted-gray lines cross one of the sequences of numerical modes. 3 We emphasize that only 1 in 10 of the crossing is actually shown in Fig. 11 . We can find the approximate value ofā for each of the crossings of the m = 0 2 branches by equating Eqs. (27) and (28). To leading order, we findā + ≈ 4 · 3 1/4 N −3/4 . This is independent of , and while it gives a good approximation toω at each crossing, it is not a good approximation for the value ofā itself.
If we include all the terms in Eq. (27), but only the leading order term in the expansion of Eq. (28), then we have a system that is consistent to O(ā 1/3 ). If we takeā + = 4 · 3 1/4 N −3/4 (1 + α) and assume α is small, expanding to linear order in α finally yields 
In Fig. 11 , the small dots represent the approximation for the location of the crossings using Eqs. (29) and (28). The approximation is clearly excellent for = 2, with increasing error as increases. Figure 12 displays the relative error of the approximate location of the crossings. It is obtained by treating N + as a continuum variable and obtaining its value for each point in the numerical data along the asymptotic branches. Using ,ā, and the soobtained value of N + from each numerical sequence, we can compute the error relative to the actual value ofā. In this way, Fig. 12 shows the relative error inherent in Eq. (29). These asymptotic modes are intriguing, and while we have been able to elucidate their properties with significant precision, their physical importance is less clear. All of the modes of concern have frequencies that lie on the NIA, and are restricted to m = 0. Because the frequencies are purely imaginary, the individual modes represent pure damping states. Furthermore, these are all highly damped states. For comparison, the fastest damping fundamental = 2 QNM is more than 20 times smaller than the slowest damping mode on the NIA withω = −2i.
The s = −2 gravitational modes with frequencies on the NIA are all TTM L s, but at certain values ofā, they are also simultaneously QNMs. At these same values ofā, the s = 2 TTM R s with modes frequencies on the NIA do not satisfy the boundary conditions for TTM R s. Given this behavior, we are tempted to think of the set of modes which are simultaneously TTM L and QNM as somehow, in the asymptotic limit, hinting at a discreteness in the allowed values ofā. Certainly, there is a "correspondence principle" like behavior asā → 0 where the spacing between adjacent values ofā becomes vanishingly small with ∆ā ∼ā 7/3 .
However, our consideration of this very regular behavior in these particular modes on the NIA is ignoring another set of QNMs that exist on the NIA and satisfȳ ω -= −iN -/4 (see Ref. [12] ). These modes do not exist for all allowed values of N -, and the determination of the value ofā at which these QNM do exist is less easily analyzed. Furthermore, these special modes that are simultaneously QNM and TTM L are not isolated modes but rather represent termination points of sequences of modes that otherwise do not have frequencies on the NIA.
In conclusion, we cannot yet say if these modes carry any important physical significance. Never-the-less, they are present in the QNM/TTM spectrum.
